We consider, in five dimensions, the effective action from heterotic string which includes quantum gravity corrections up to (α ′ ) 2 . The expansion, in the string frame, is in terms of |α ′ R|, where R is the scalar curvature and uses the third order Euler density, next to the Gauss-Bonnet term. For a positive tension brane and infinite extra dimension, the logarithmic class of solutions is free from fine-tuning problems. More importantly, the model suggests that in the full non-perturbative formulation, the string scale can be much lower than the effective Planck mass, without the string coupling to be vanishingly small. Also, no fine-tuning of the brane tension is needed. For the second class of solutions with non-zero bulk constant C, the extra dimension breaks into two allowed regions, one compact and one infinite. In the first case one can have finite effective Planck mass without curvature singularities.
Introduction
Recent developments in string theory suggest that matter and gauge interactions may be confined on a brane, embedded in a higher dimensional space (bulk), while gravity can propagate into the bulk (for reviews see [1] , [2] ). Within this context several toy models have been constructed to address such issues as the hierarchy and cosmological constant problems [3] . In particular, the large hierarchy between the Standard Model and Planck scales could be explained for an observer on a negative tension flat brane, if the extra dimension was taken to be compact [4] . The possibility of a large non-compact dimension was realized in [5] , while it was shown in [6] that warping of five-dimensional space could lead to localization of gravity on the brane, even though the size of the extra dimension was of infinite proper length.
In [7] , [8] a simple, interesting alternative model has been considered, where a bulk scalar field φ is coupled to the brane tension T br . This is the all-loop contribution to the vacuum energy density of the brane, from the Standard Model fields. For the 4D cosmological constant problem considered there, solutions of the field equations were found, which localize gravity, but possess naked singularities at finite proper distance. This proper distance is given by y c = 1/κ 2 (5) T br where the five and four-dimensional Planck scales k 2 (5) = M −3 (5) , κ 2 (4) = M −2 (4) are related by 
.
(1.1)
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Then if we momentarily identify the 4D cosmological term with the brane tension λ = T br ∼ (1T eV ) 4 = (10 3 GeV ) 4 ∼ 10 −64 M 4 (4) we obtain M (5) ≃ 10 8 GeV, y c ≃ 1mm, (1.2) which is acceptable by present day experiments. It was soon realized that the bulk action should also contain the Gauss-Bonnet (GB) term
which is the leading quantum gravity correction, and the only to provide second order field equations. Some of the early works on the GB gravity include [9] , while the corresponding brane cosmology has been studied, among others, in [10] . The corresponding generalized junction conditions appeared in [11] . The GB term is the first in an infinite series of Euler densities that appear in the generalized Lovelock Lagrangian [12] . The next order term is the third order, given by
It is the only combination of three contractions of the Riemann tensor, that is linear in the second derivatives of the metric tensor [13] and linearization about flat Minkowski space introduces no propagator corrections (i.e., no ghosts) [14] . Discussion of cosmological problems with cubic and/or quartic Lagrangians, in the framework of superstring theories, appeared in [15] . Early work on global symmetries of higher order gravity theories appeared in [16] while solutions without bulk cosmological constant appeared in [17] . The effective gravitational equations on the brane have been studied in [18] , while the inclusion of the induced gravity model has been studied, among others, in [19] . The effective equations on the brane, in the presence of the GB contribution in the bulk, were studied in [20] , whereas astrophysical implications of higher order gravity models on branes have been analyzed in [21] . The cosmological perturbations in brane models have been examined in [22] , while the short scale modifications of Newton's law have been dealed with in [23] .
In [24] it was shown that in general self-tuning is generic in theories with at most two branes, or a single brane with orbifold boundary conditions. Also it was shown that localization of gravity (namely finiteness of the effective Planck mass) and infinite extra dimension is only consistent with fine-tuning of the parameters of the theory. A no-go theorem appeared in [25] . The problem of fine-tuning (i.e., the adjustment of Lagrangian parameters as for example the relation of bulk and brane cosmological constants in RS models) was shown not to be present in [26] . Solutions and stability of them which are potentially self-tuning (i.e., need for adjustment of integration constants rather than Lagrangian parameters, as for example the values of the potential V (φ 0 ) and its derivative V ′ (φ 0 ) on the brane) where shown to exist. The issue of self-tuning was studied, for example, in [27] .
In this paper we consider the tree-level effective action from heterotic string theory, in the string frame. We assume that the higher order (α ′ )-corrections enter in this action in JHEP00(2002)000 powers of |α ′ R|, where R is the scalar curvature. This is reasonable because, in the absence (for simplicity) of gauge field contributions the only length scale of the theory is α ′ = l 2 s . Exploring this possibility we show that • It is free from naked singularities, the curvature scalar being regular everywhere.
Also the effective Planck mass calculated is finite, while the extra dimension can be infinite.
• The solutions do not have a smooth limit as the higher order terms are set to zero, so these are genuine O(α ′ 2 )−classes of solutions, and more importantly,
• The string scale is much lower than the effective Planck mass, the string coupling assumes higher values, as higher order terms are included, and this is true for a continuous range of parameters, namely the need for fine-tuning is not necessary.
Our line of reasoning and conventions follow mainly those of [29] . All calculations are lengthy and have been performed with great care.
The Action
The action in the string frame, from the string tree level effective action, must have the same dilaton dependence on the Einstein-Hilbert, Gauss-Bonnet and third order terms with respect to the curvature. This is also true due to dimensional arguments because the string expansion parameter α ′ = l 2 s = M −2 s is the only length scale of the theory and quantum gravity corrections appear in this action as powers of |α ′ R| [29] . So, in order to explore the results from this point of view and ignoring any gauge field contributions for simplicity, we must have ( [31] , [32] , [34] )
Here λ 0 = 1/4, 1/8, 0 for the bosonic, heterotic and type II theories [28] , [31] . The constant λ 1 would in principle stem from string theory and the full contribution of the third order term is with a value of the order of unity. One must apply a conformal transformationḡ µν = e ζΦ g µν , to bring the action in the Einstein frame, where ζ = 4/(D − 2) and the metric g µν is 
We will eventually resort to D = 5 dimensions, so ζ = 4/3. The bulk action, in the Einstein frame, now becomes [32] ) is the coefficient of the fourth order dilaton derivative, which is required by string theory arguments. We assume that the same is true for the third order term and so c 3 is a D-dependent constant. Its precise value would in principle stem from string theory, however the results presented here do not depend essentially on its exact value. Finally, on the brane one can consider both the induced gravity term and the fourdimensional cosmological term. This gives
5)
where λ(Φ) = (T /M 3 s )e χΦ and χ = 5/3 for a Dirichlet brane, while χ = 2/3 for a Neveu-Schwarz brane. A gravitational wave on the brane can for example be considered [34] , [37] .
The Equations of Motion
Substituting Eq. (2.3) into Eq. (2.1) and taking care to include the terms (∇Φ) 4 , (∇Φ) 6 along with Eq. (2.5), the total action, in the Einstein frame, becomes
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This is the obvious generalization of the action used in [29] . Variation is a tedious but straightforward procedure. Varying with respect to A gives
When λ 1 = 0 it reduces to Eq. (14) of [29] . Varying with respect to Φ we exactly obtain
When λ 1 = 0 it reduces to Eq. (16) of [29] . The precise form of the functions
Now if we had written down the generalized Einstein's equations we would have also obtain a first order equation, which is nothing more than the yy−component and it is the constraint equation. This is given by
5)
When λ 1 = 0 this reduces to Eq. (15) of [29] .
Taking an appropriate combination of Eqs. (3.2), (3.3) and (3.4) we obtain, after integration, the first order expression
and C is an integration constant, effectively the mass of the bulk black hole. When λ 1 = 0 it reduces to Eq. (17) of [29] .
Finally we obtain the junction conditions for a Z 2 −symmetric brane configuration located at y = 0. They can be directly deduced from Eqs. (3.2) and (3.3) and are given by
Logarithmic Classes of Solutions in the Bulk
We consider Eqs. (3.4) and (3.6), taking first C = 0 and use the ansatz
If we had taken C = 0 we would be forced to set x = 1/4. We abbreviate α := λ 0 (α ′ ) andα 2 := λ 1 (α ′ ) 2 . Then we obtain, from Eq. 
where ∆(x) := 1 +α 2 4α 2
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Since Φ 0 must be real, this will restrict the values of x, as follows below. Also the bulk cosmological constant is given, from Eq. (3.4), by
One can obtain the effective Planck mass up to second order string corrections in a standard manner. If we had consider instead of Eq. (2.2) the metric
and had substituted
into the Gauss-Bonnet and third order terms, the integrated coefficient of the four-dimensional scalar curvature R (4) (which is linear in the second derivatives of the metric tensor function A(y)!) would give the higher order contributions to the effective Planck mass, as perceived by a four dimensional observer [26] , [33] . Doing this in a careful manner we obtain, up to O(α ′ 2 ) order,
It follows that
(4.8)
We therefore see that when x ≥ −(1/2) we can have a finite effective Planck mass if y * < 0, so that y c = |y * | and we have a compact proper distance [33] . On the other hand when y * < 0 the curvature scalar R = −8A ′′ − 20(A ′ ) 2 ∝ (|y| + y * ) −2 diverges as y → y * . So we must choose y * > 0, for an infinite y−direction without curvature singularities and x ≥ −(1/2) in order to assure finite Planck mass. We now choose ζ = (4/3), c 2 = (1/3) and compute the term I (3) (x, −2/ζ). Then 4α
where ∆ = 1 +α 
If we momentarily switch off the second order corrections (α = 0) the allowed values of x (ensuring the positivity of the l.h.s. of Eq. (4.9)) become x > 1 or x ≤ 0.4, as previously noted [29] .
(+) Branch: Here we observe the interesting fact that Since we deal with the tree level, effective action for the heterotic string λ 0 = (1/8), so (α/α) 2 = (λ 1 /λ 2 0 ) = 64λ 1 . The curves c 3 (x) = C(x; λ 1 ) (which originate from ∆(x) = 0) on the (x, c 3 )-plane, separate the allowed x−regions (where ∆(x) > 0) from the forbidden x−regions (where ∆(x) < 0), for a given c 3 . We obtain
(4.14)
In the limit λ 1 → 0 it becomes singular, so what we present here is a genuine-O(α ′ 2 ) classical solution, not having a smooth limit to a lower order solution.
In Fig. 1 we plot the function c 3 (x). For the range of 0.01 ≤ λ 1 ≤ 1 there exists no significant difference of the plotted curves, as occured from numerical analysis, so we used for convenience λ 1 = 1.
As an example for the case of c 3 ≃ 500 the allowed values of x (those with ∆(x) > 0) from precise numerical computation are −0.979 ≤ x ≤ 0.4. Of course we have to add to this the requirement −(1/2) ≤ x which comes from the requirement of finite effecive Planck mass. In the same way for c 3 ≃ 100 the allowed values are for x ≥ 2.7719 from numerical methods, shown in Fig. 2 . As it is evident from the figures, as c 3 increases the allowed x−range increases. All the classes of solutions are α ′ −solutions, because we have the additional argument that the cases C = 0 and α ′ = 0 are incompatible, from Eq. (3.6).
(-) Branch: In this case we have 4α y 2 * e 4Φ 0 /3 = − 9 256
. In Fig. 3 the bulk cosmological constant for c 3 ≃ 500 and λ 1 = 1 is plotted.
We can also obtain the brane tension, from Eq. (3.8), as
while we must have χ = ζ/2 = 2/3 as required for a Neveu-Schwarz brane. Now we are ready to make the order of magnitude estimates that follow drom the above considerations and constitute our main arguments for this section. For x ≥ −(1/2) up to the allowed value x ≤ 0.4 and for c 3 ≃ 500, from Fig. 3 we see that with high precision 2αΛ(x) ∼ −3 · 10 4 . Then using Eq. (4.16) with x ≃ 0 we can estimate the term
because we get −3 · 10 4 ≃ (3/4)l − (9/16)l 2 − 3.308 · 10 4 l 3 . This is solved for l ≃ 1. The same would be obtained for x ≃ −(1/2), because now we get −3 · 10 4 ≃ −2l 2 − 2 · 10 4 l 3 , so again l ≃ 1. In both cases we have computed the term of Eq. (4.17). Now we use l into Eq. (4.8) with x ≃ −(1/2). We obtain
(4.20)
The number 48 comes from the geometric properties of the model, namely from the contribution of the third order term L (3) to the effective Planck mass. It is therefore expected that higher order Euler densities when considered in this α ′ −expansion, due to the increased Riemann contractions, will give large numbers. The number 64 comes from the full contribution of these higher order terms (i.e., when λ 1 = 1) into the string frame effective action, Eq. (2.1). Finally the number 2.1875 comes from the increased powers of the x parameter (namely the brane tension) that will appear as progressively higher order terms are included in the action [29] . Also since the allowed x−ranges may include x−intervals with large negative numbers, as higher order terms enter, this number is expected to increase. This is due to the combination x 2 (−12x + 11x 2 ), in Eq. (4.8). As one includes progressively higher order terms in the sense described here, and allows for finite y−direction (so the requirement x ≥ −(1/2) is relaxed), then allowed x−region with large negative values are expected to contribute with larger factors, as above.
The first part of our argument is therefore now more clear. As we include higher order terms in Eq. (4.8) the requirement of M P l ≪ M s appears to be fulfilled more easily, without fine-tuning for x, due to the increased contribution of the term in the second pair of brackets. Now the string coupling, from Eq. (4.2) is estimated as e Φ 0 ∼ (4α/y 2 * ) 3/4 , so
[−1 + 6.72 · 10 3 ] 3/2 . (4.21)
In [29] it was correctly observed that when x ≃ −1/2 we can have a large string coupling constant g s = e Φ 0 ∼ 1 without having to abandon the requirement of M s ≪ M P l . However
this requires a severe fine-tuning of the parameters of the theory, namely of the brane tension, through x. Here however we see that the inclusion of higher order quantum gravity correction can induce this result without fine-tuning. Namely for a whole continious range of (−1/2) ≤ x ≤ 0.4 without fine-tuning, we can have M s ≪ M P l while the string coupling increases as higher order α ′ corrections are taken into account.
Thus it also appears that the presence of these higher order quantum gravity corrections in a sense necessitate the inclusion of higher order quantum loop-corrections, as well, beyond the tree level! The all-loop, non-perturbative quantum gravity theory, that is not yet availiable, is therefore necessary. Finally from Eq. (4.18) we have that
so if we assume that the brane tension T ∼ (1T eV ) 4 ∼ 10 −60 M 4 P l and the string coupling, from Eq. (4.21) still remains small, however several (four) orders of magnitude larger than the value g s ∼ e −45 obtained in [29] . However as we have just stated if all the quantum gravity and quantum loop corrections could be included, in a non-perturbative fashion, even for this, toy-model logarithmic, class of solutions the need for fine-tuning appears to be not necessary (in fact hopefully absent!), in order to have M s ≪ M P l .
Conformally Flat Solutions
We consider now Eqs. (3.4) and (3.6) with C = 0 and the class of solutions where the coordinate y is chosen to satisfy y = dΦ/dA [34] . We obtain for this family of solutions the following set of equations to be satisfied.
where the polynomials appearing above are given by Substituting into the second of Eqs. (5.1) we get
, (5.4) which is directly integrable. Solutions with infinite y−direction exist for ranges of parameters λ 1 , c 3 such that the square root in Eq. For every value of c 3 ≥ 3.979 there will be a range of y where the above condition will not be satisfied. For example in the case of c 3 ≃ 43 we have Fig. 4 . For all the range of c 3 , with 8.7 ≤ c 3 ≤ 43 and for higher values also there exist two roots y 0 , y 1 where the polynomial D(x) is negative. Using double precision numerical methods the dependence of y 0 , y 1 on c 3 is shown in Fig. 5 .
For is finite. If there exists such a root then we have a curvature singularity, and if not, we dot not encounter a singularity.
Discussion
In this paper we have considered the tree-level, effective action of the heterotic string in five dimensions with expansion parameter, in the string frame, the combination |α ′ R|. If one tries to explore, from this point of view, the consequences of incorporating higher order quantum gravity corrections, then some interesting facts occur. They can be summarized as follows: Even for the simple, toy model, class of logarithmic solutions the string scale is much lower than the effective Planck mass without need of fine-tuning of the brane tension. This is due to the increased contribution of the Riemann contractions, in the Euler densities. Also the string coupling g s = exp(Φ 0 ) increases by some orders of magnitute for each contributing term. In [29] it was pointed that close to the brane, the string coupling is expected to increase, so it destabilizes the classical solutions by quantum loop corrections. While this is true, we prefer to view this as an advantage rather than a disadvantage. It points to the fact that higher quantum gravity corrections may inevitably require also JHEP00(2002)000 quantum loop corrections. Thus in the hypothetical non-perturbative quantum gravity theory the issue of necessity of fine-tuning, for braneworld solutions, may be completely absent. In this context the four-dimensional cosmological constant, through the freedom of its brane tension component, can be null in an more simple way.
In the second class of solutions with non-zero constant C, the relevant set of equations for the metric function A(y) and the dilaton field Φ(y) admits solutions where the y−direction breaks into two allowed regions, one compact and the other infinite. In the first case we can have finite effective Planck mass without curvature singularities, while in the second case one cannot in general obtain localization of gravity on the brane.
Finally it would be interesting to consider higher codimensional models i.e., with action of the form d 5 xd N X [34] and in particular of co-dimension two, as for example in [35] . In this context the imprints of the cosmological perturbation spectra are of particular importance in order to decide on the form of the model that can be viable [36] . Work along these lines is in progress [37] . 
and
In five dimensions ζ = (4/3) as before. Equations (3.2) and (3.3) could be used also for direct numerical study of the model.
